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Abstract

One of the most popular tools for mining data streams are decision trees.
In this paper we propose a new algorithm, which is based on the commonly
known CART algorithm. The most important task in constructing decision
trees for data streams is to determine the best attribute to make a split in the
considered node. To solve this problem we apply the Gaussian approxima-
tion. The presented algorithm allows to obtain high accuracy of classification,
with a short processing time. The main result of this paper is the theorem
showing that the best attribute computed in considered node according to
the available data sample is the same, with some high probability, as the
attribute derived from the whole data stream.

Keywords: Data steam, decision trees, CART, Gini index, Gaussian
approximation

1. Introduction

Among the plenty of techniques and methods used in machine learning
or data mining, the classification seems to be one of the most important
(14, 21, 31, 35]. Let A’ denotes the set of possible values of attribute a’,
for i = 1,...,D. The aim of the classification task is to find a classifier
h: Al x ... x AP — {1,..., K} based on the training dataset S C A! x
.x AP x{1,... K}. The dataset S consists of n elements s,, = (U, k) =
([vl ... ;0P k), m=1,... n, where
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e v. € A" is the value of attribute a’ for data element s,y,,

o ke {l,...,K} is a class of data element s,,.

The classifier h is used to assign a class k € {1,..., K} to unlabeled data
elements v € A! x ... x AP. For static datasets a variety of classification
methods have been proposed in literature. The most popular are neural
networks [29, 30], k-nearest neighbors [4] or decision trees [3, 26, 27], which
are within the scope of this paper. The decision tree is a structure composed
of nodes and branches. Terminal nodes are called leaves. To each node L,,
which is not a leaf, an appropriate splitting attribute a’ is assigned. The
assignment of the attribute to the considered node is the crucial part of the
decision tree construction algorithm. Usually the choice of the attribute is
based on some impurity measure, calculated for the corresponding subset S,
of the training dataset S. The impurity measure is used to calculate the split
measure function for each attribute. According to the chosen attribute, the
node is split into children nodes, which are connected with their parent nodes
by branches. There exist two types of decision trees: binary and non-binary.
In the case of non-binary tree, the node is split into as many children as the
number of elements of set A’. Each branch is labeled by a single value of
attribute a'. If the tree is binary, the node is split into two children nodes.
The branches are labeled by some complementary subsets of A’. According
to the branches, the set S, is partitioned into subsets, which then become the
training subsets in the corresponding children nodes. Leaves serve to label
unclassified data elements.

The existing algorithms for decision trees construction differ mainly in
the two fields mentioned above: type of tree (binary or non-binary) and type
of impurity measure. The ID3 algorithm [26], for example, produces non-
binary trees. As the impurity measure the information entropy is applied.
The split measure function, based on it, is called the information gain. An
upgraded version of the ID3 algorithm, also based on the information entropy,
is the C4.5 algorithm [27]. In this algorithm an additional function, called
the split information, is proposed. It takes high values for attributes with
large domains. As the split measure function in the C4.5 algorithm, the
ratio of the information gain and the split information is used. In the CART
algorithm [3] binary trees are constructed. The impurity measure is in the
form of Gini index.

The algorithms mentioned above (ID3, C4.5 and CART) are designed for
static datasets. They cannot be applied directly to data streams [1, 2, 7, 11,
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12, 13, 24|, which are of infinite size. Moreover, in case of data streams data
elements income to the system continuously with very high rates. Addition-
ally, the concept drift may occur [8, 10, 17, 20, 22, 34|, which means that the
concept of data evolve in time. In the literature there are various approaches
to deal with data streams. In recent decade an appropriate tool to solve data
streams problems is incremental learning [6, 15, 25]. Among few characteri-
zations of incremental learning presented in the literature we cite [15] stating
that ’incremental learning should be capable of learning a new information
and retaining the previously acquired knowledge, without having access to
the previously seen data’. It is easily seen that the approach based on the
decision trees possesses main features of the incremental learning.

In this paper we present a method to adapt the CART algorithm to deal
with data streams. The main problem is to determine the best attribute
in each node. Since it is not possible to compute the values of split mea-
sure based on infinite dataset, they should be estimated using the sample of
data in considered node. Then, with some probability, one can say whether
the best attribute according to this sample is also the best with respect to
the whole stream. In the literature there are few approaches to solve this
problem:

a) The commonly known algorithm called ‘Hoeffding’s Tree’ was intro-
duced by P. Domingos and G. Hulten in [5]. The main mathematical
tool used in this algorithm was the Hoeffding’s bound [16] in the form:

Theorem 1. If X, Xs,..., X, are independent random variables and
a; < X; <b; (i=1,2,...,n), then for e >0

PX — E[X] > ¢} < o2/ Shatima’ 1)
where X = 23" | X, and E[X] is expected value of X

Fora; =aand b; = b, (i = 1,2,...,n) it states that after n observations
the true mean of the random variable of range R = b— a does not differ
from the estimated mean by more than



with probability 1 — . However, we would like to emphasize that the
Hoeffding’s bound is wrong tool to solve the problem of choosing the
best attribute to make a split in the node. This observation follows
from the fact that the split measures, like information gain and Gini
index, can not be presented as a sum of elements and they are using
only frequency of elements. Moreover, Theorem 1 is applicable only
for numerical data. Therefore the idea presented in [5] violates the
assumptions of Theorem 1 and the concept of Hoeffding Trees has no
theoretical justification.

b) In [33] the authors proposed new method in which they used the Mc-
Diarmid’s inequality [23] instead of Hoeffding’s bound as a tool for
choosing the best attribute to make a split. First the function f(S)
was proposed as a difference between the values of Gini indices of two
attributes

f(S) = Giniee(S) — Ginig(S). (3)
By applying the McDiarmid’s inequality authors obtained the value of

111(2140[)7 (4)

such that for any fixed «, if f(S) > €y, then with probability 1 — «
attribute a” is better to make a split than attribute a?.

EMIS

¢) In [18] the authors proposed a method, based on the Multivariate
Delta Method, for determining if the best attribute calculated from
the data sample in considered node is also the best according to the
whole stream. Even though the idea was valuable, the authors omitted
the issue of calculating some of the necessary parameters what is not
trivial. Therefore, the method does not have any practical application.

d) In [32] the authors presented the Gaussian Decision Tree (GDT) algo-
rithm, which is based on the idea presented in [5]. The GDT algorithm
was developed on the basis of the ID3 algorithm. Unfortunately, the
GDT algorithm can be applied only for the two-class problem.

In this paper we propose a new algorithm, called CART for data stream
(dsCART), inspired by [5]. The novelty is summarized as follows:



i. Following the idea of [18] we propose a new method to determine
the best attribute to split the considered node. Contrary to [18], our
method has a practical meaning and can be applied in a combination
with many developed so far data stream mining algorithms, e.g. the
Concept-adapting Very Fast Decision Trees (CVFDT) [17] or Hoeffd-
ing Option Trees (HOT) [24]. Our approach is based on the Taylor’s
Theorem and the properties of the normal distribution [19, 28].

ii. We prove the theorem (see Section 3) showing that the best attribute
calculated from a finite data sample in the considered node is also the
best according to the whole stream.

iii. We derive a formula (see section 3) allowing to determine a minimal
number of data stream elements such that the tree node can be divided
with respect to a considered attribute.

iv. We prove that for the two-class problem the number of elements n in a
node, needed to determine if the split should be made, is smaller in the
dsCART algorithm than in the McDiarmid Tree algorithm, with the
same level of confidence 1—a. This is shown in section 5 and confirmed
in experimental section.

v. The dsCART algorithm developed in this paper does not require any
prepruning operations and is applicable for any number of classes, con-
trary to the GDT algorithm.

vi. Through computer simulations we show performance of our algorithm
including a superiority of the dSCART over the GDT algorithm if com-
putational time is taken into account.

The results of the paper are applicable to both categorical and numerical
data, in the latter case we should properly choose a split point and generate
a binary tree. This is commonly used procedure to deal with numerical
data in decision trees. Moreover, it should be emphasized that our main
result (Theorem 1 in section 3) is applicable to solve problems with concept
drift. More specifically, our result should replace the Hoeffding’s bound used
incorrectly in algorithms like the Concept-adapting Very Fast Decision Trees
(CVFDT) [17] or Hoeffding Option Trees (HOT) [24, 5] . We stress that the
idea of the CVFDT and HOT algorithms is correct, however authors of both
algorithms incorrectly used the Hoeffding’s bound in their papers. Our result



can be combined with those algorithms, replacing the Hoeffding’s bound by
formulas (23) and (24).

The rest of the paper is organized as follows. In section 2 the CART
algorithm is recalled. The main result of this paper is described in section 3.
In section 4 the dsCART algorithm is introduced. In Section 5 the dsCART
algorithm and the McDT algorithm are compared. Experimental results are
shown in section 6 and conclusions are drawn in section 7.

2. The CART algorithm

Now we will briefly describe the CART algorithm. The introduced nota-
tion will be useful in the rest of the paper. The CART algorithm starts with
a single node L - the root. During the learning process, in each created node
L, a particular subset S, of the training dataset S is processed (for the root
So = S). If all elements of set S, are of the same class, the node is tagged as
a leaf and the split is not made. Otherwise, according to the split measure
function, the best attribute to split is chosen among the available attributes
in considered node. For each available attribute a’, the set of attribute values
A" is partitioned into two disjoint subsets A7 and A% (A = A% U A%). The
choice of A% automatically determines the complementary subset A%, there-
fore the partition is represented further only by A%. The set of all possible
partitions of set A’ is denoted by V. Subsets A% and A% divide the dataset
S, into two disjoint subsets: left L,(A}) and right R, (A?})

L, (A7) = {s; € Sylvj € AL}, ()

R, (A}) = {s; € Sylvj € AR} (6)

Sets L,(A%) and R, (A%) depend on the chosen attribute and partition of its
values. Let pr ,(A%) (prg(A%)) denote the fraction of data elements from S,,
which belong to the subset L,(A%) (R,(A%)). Since the fractions py ,(A%)
and pg,(A%) are dependent

pR,q(Ai:) =1- pL,q(Ait,)a (7)
only one of these parameters is needed to be considered, e.g. pr,(A%).
The fraction of elements from L,(A%) (R,(A%)), from class k, is denoted
by prrq(AL) (Prrg(AY)). The fraction of all data elements S, in considered
node L,, from class k, is denoted by pg,. Note that py,, £k =1,..., K, are
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not dependent on chosen attribute a' and partition A% . As it was mentioned
previously, the impurity measure used in the CART algorithm is the Gini
index. For any subset S, of training dataset it is given by

K

Gini(Sy) =1 — Z(pk,q)2' (8)

k=1

It is easily seen that the Gini index reaches its minimum (zero) when all cases
fall into a single target category, and maximum is obtained when records are
equally distributed among all classes. Furthermore, the weighted Gini index
of subset S,, resulting from the choice of partition A%, is defined as follows

wGini(Sy, Ap) = prg(A})Gini(Ly(A})) + (1 = prg(AL))Gini(Ry(AL))(9)

where Gini indices of sets L,(A4}) and R,(A%) are given analogously as in

(8)

Gini(Ly(AL) =1 (preq(AL)), (10)
Gini(Ry(A7) = 1) (pera(4)) (11)

A split measure function in the CART algorithm is defined as a difference
between Gini index (8) and the weighted Gini index (9). Analogously to the
information gain used in the ID3 algorithm, this split measure function is
called Gini gain. It is dependent on the chosen partition A% of attribute a’

9(Sy, AY) = Gini(S,) — wGini(S,, A%). (12)

Among all the possible partitions A% of set A?, the one which maximizes the
value of Gini gain is chosen

Ay, = arg max {g(S,, A7)} (13)
A’”LEVZ'

The partition leiL’q is called the optimal partition of set A’ for the subset S,
of training dataset. This optimal partition generates subsets L} = Lf](ﬁiq)
and R} = R} (A} ). The value of g, = g(S,, A ) is called the Gini gain of
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subset S, for attribute a’. Among all the available attributes in the node L,
the one with the highest value of Gini gain is chosen. The node L, is split
into two children nodes Lj,s11 and Ljsi0, where last is the index of the
node created lately in the whole tree. Let us assume that the highest value
of Gini gain is obtained for attribute a”. Then all the calculations described
above are performed in node L1, using the subset Syse01 = Ly, and in
node Ligsi42, using the subset Sjq12 = Ry, The list of available attributes
in nodes Ljgs+1 and Ljge40 is taken from the node L,, with the exception
of the attribute a”. The considered node L, is not split if either the list of
available attributes in the node contains only one element or all the elements

from the subset S, are from the same class.

3. Main Results

In section 2 all the fractions, e.g. pr(A?%), were computed based on the
whole data set. In this section our discussion will concern a data stream
problem. Since data streams are of infinite size, it is impossible to compute
the fractions as in the CART algorithm. They can be only estimated based
on available sample of data.

Now, we consider a situation in one particular node. Therefore, in all
notations introduced before we omit S, for clarity. Similarly to formula (7),
the following dependencies are true

pro(A) = 1= 3 AL (14
pra(A) =1 3 pin4}). (15

Therefore we consider further only 2(K — 1) out of 2K parameters p;(A?})
and p;r(A}), je{l,..., K —1}.
Moreover, fractions p; (k € {1,..., K}) are dependent as well

K-1
PKZl—ZPj- (16)
j=1



Therefore, only K —1 of them, i.e p;,j € {1,..., K —1}, are important. Note
that the fraction p; does not depend on a chosen attribute a’ and partition
Al U A%, and it can be expressed using pr(A%), pr(A%) and pjr(A}) as
follows

pi(PL, iz, pir) = pr(AL)pin(AL) + (1 — pr(AL))pir(AL). (17)

For any dataset X, consisting of elements belonging to one of K classes,
its Gini index can be calculated using the following formula

K K-1 K-1 2
Gini(Py,...,Pg_q)=1-Y P*=1-Y P!— (1— ZP]-) , (18)
j=1 j=1 J=1

where P; is a fraction of elements from the set X, belonging to the j-th class.
Therefore, the Gini indices (8), (10) and (11) can be expressed as functions of
K—1variables, i.e. Gini(ps,...,px-1) for (8), Gini(pir(AY), ..., px-1)L(AL))

for (10) and Gini(pi1r(AY), ..., px—1)r(A%)) for (11), respectively.
The Gini gain function is a function of parameters mentioned above, i.e.

9P D1Ls - D(K—1)Ls P1Rs - - - Dk—1)R) = Gini(p1, ..., Pr—1)
—prGini(pir, - .., pk-1yr) — (1 — pr)Gini(pir, - - -, P(k-1)R)- (19)

The optimal partition of set A’ is defined analogously as in formula (13)

A} = arg AIPaX‘{g((pL<AiL>,p1L(AiL)a (AL, Pir(AL), - -1y r(A7) }(20)

LEVi

We introduce the following notation for fractions associated with the optimal
partition

[piLapliLa ey 7péK—1)L7pi1R7 e 7p2K71)R} =
= [pL(Ai)aplL(Ai)a o p-n(AL), pir(AL), .. 72713(1‘12)] (21)

The value of ¢* = g(p%,p';,. .. ,pl('K_l)L,p’iR, . ,pl('K_l)R) is called the Gini

7

gain for attribute a’. Parameters p%, pt,, ... 7péK71)L and p 5, ... ,P(x_1)p AT€
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estimators of pt, pi;,... ,p’thl)L and pg, ... 7p7(;K71)R’ respectively. They
can be treated as arithmetic means of some random variables from bino-
mial distributions. Let us consider the data elements s,, from data set S,
m € {1,...,n}. We define the random variable ¢}, which is equal to 1 if
sm € L’ and 0 otherwise. Variable ¢;™ is from the binomial distribution
with mean p¢ = p% and variance (%) = pi (1 — p%). Similarly we define
C;F, ke{l,...,K—1} (for elements [, from the set L', m € {1,...,n% }) and
Gk € {1,..., K — 1} (for elements r,, from the set R, m € {1,...,n%})
random variables, from the binomial distributions with means pi, = pi, and
Mir = Dip and variances (%L)Q = Phr(1 — pi) and (UliR)2 = Per(l = Phr)
respectively. Variable (" is equal to 1 if [, is from the k-th class and (5’
equals 1 if 7, is from the k-th class.

The main result of this paper is the following theorem stating that if
the difference between the Gini gain estimates obtained for two attributes
is greater than a specific value, given by (24), then with a fixed probabil-
ity there is, roughly speaking, a statistical difference between the true Gini
gains. This allows either to determine, from a recent fragment of data, the
best attribute to split on or to say that the information to determine the
split is statistically insufficient.

For convenience, let us denote

9 =9 Pip, - vpéKq)valiRv o ’pl('Kfl)R) (22)

Theorem 2. Let us consider two attributes a® and a¥, for which we have
calculated the values of the Gini gain function. If the difference of these
values satisfies the following condition

9% — ¥ > €q.k, (23)
where
2Q0(K
€G,K — Z(la)%? (24)

Z(1—a) 15 the (1 — a)-th quantile of the standard normal distribution N(0,1)
and
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Q(K)=5K? 8K +4, (25)
then g* s greater than g¥ with probability 1 — a.

Proof: see Appendix A.

Remark 1

If ® and a¥ are attributes with the highest values of Gini gain, then a”
can be chosen to split the considered leaf node, with the level of confidence
(1—a).

Example 1

Let us assume that there are n = 10000 data elements in the considered
tree node. The number of classes K = 3. According to formula (25) we have
Q(K) = 25. Let a® and a¥ be the attributes with the highest values of Gini
gain function. For convenience, let us denote

Let us assume, that the value of ¢™¥ is equal to 0.1161. If the level of
confidence is set to 1 — o = 0.95, then z(;_,) = 1.644854 and we have

20(K
z(l,a)w — 0.11631. (27)

vn
Therefore, inequality (23) is not satisfied and we can not say that the at-
tribute a” is better than a¥. Let us assume now, that new 100 data elements
arrived to the considered tree node. The total number of elements n in this
node equals 10100. Let us assume that the new value of g®¥ is 0.116. For
the current value of n we have

2Q(K
Z(l—a)% = (0.11573. (28)
n
This time inequality (23) is satisfied. Therefore, with the 0.95 level of con-
fidence we are allowed to say that attribute a” is better than attribute a.

The considered tree node is divided with respect to attribute a”.
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Example 2

Inequality (23) can be transformed as follows

2Q(K) (201-))
(gmv)*

where g™V is defined as in (26). The above inequality is an alternative way
for determining whether to split the considered node or not. If the current
number of elements satisfies inequality (29), the node is divided with respect
to attribute a®. Let us assume that ¢®¥ = 0.116. The values of z(1_,) =
1.644854 and Q(K) = 25 are the same as in Example 1. Then the term on
the right side of inequality (29) equals

n > (29)

20(5) (2“2‘“)) — 10053.3. (30)
(g™)

Therefore, if n is greater or equal to 10054 elements, the tree node is divided
with respect to attribute a”.

4. The dsCART Algorithm

Theorem 2 allows us to propose an algorithm called CART for data
streams (dsCART). This algorithm is a modification of the Very Fast De-
cision Tree algorithm proposed in [5]. Following the idea of the authors we
introduce the tie breaking mechanism. It forces the split of the considered
node after some fixed number of elements, even though the best and the sec-
ond best attributes do not satisfy condition (23). Without this mechanism,
splitting of the node can be blocked permanently if the two best attributes
provide comparable values of Gini gain. The number of elements to force the
split is the same in all nodes and depends on the tie breaking parameter 6.

For clarity of the pseudocode the following notation will be introduced:

° g_é is the Gini gain computed for the attribute a’ in the leaf L,,.

k

e n;,, is a number of elements from the k-th class in the leaf L,, for

which the value of attribute a' is equal to a}, (a} € A%).

° n’; is a number of elements from the k-th class in the leaf L,.

12



Algorithm 1: The dsCART

Inputs: S is a sequence of examples,
2 is a set of discrete attributes, of the one class
« is one minus the desired probability of choosing the correct
attribute at any given node,
0 is the tie breaking parameter.

Output: dsCART is a decision tree.

Procedure dsCART(S, 2, «)
Let dsC ART be a tree with a single leaf Ly (the root).
Let Q[Q =
For each attribute a’ € A
For each value aj of attribute a’
For each class k
nf 2o =10
For each example s in S
Sort s into a leaf L, using the current tree.
For each attribute a’ € 2,
For each value @, of attribute a’
For each class k
If value of example s for attribute a’ is equal to @} and s is
from the k-th class then
Increment nf Ag-
Label L, with the majority class among the examples seen so far at Lj.
If the examples seen so far at L, are not of the same class, then
For each attribute a’ € 2,
For each partition of the set A* into A%, A%
Compute g;(A?%) using the counts n¥

o ,A,q"
i = max {g,(A®
9; A;eéi{g"( L)}
T _ i
a® = arg ﬁleaélf{gq}

ay = ar max {g’
gaieﬂq\{ay}{gq}

Compute eg i using formula (24)
If (g7 — g4 > €q.x) or (eg,x < 0), then
Replace L, by an internal node that splits on a”.

13
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Figure 1: Ratio of eg gk to eps for K =2 and K = 3.

For both branches of the split
Add a new leaf Ljs4+1 and let o1 = A, \{a”} at Ligsii1.
For each attribute a’ € Ajpq41
For each value af of a’

For each class k
n?,)\,lastJrl = 0.

last = last + 1

Return dsC ART.

5. Comparison with McDiarmid’s bound result

The main difference between the dSCART and the McDT algorithms lies
in the method of computing the bound for the difference between the true
mean of random variables and the estimate value. The obtained bounds are
€.k and €y, given by (24) and (4), respectively.

For a € (0;0.5) the following condition is true for all n > 0 (see Fig. 1)

€a,2 < €M, (31)
€G,K = €M, K > 2.

This means that, in the two-class problem, the dsCART algorithm needs
less data elements to make a split than the McDT algorithm. Figure 1 shows
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ratio of eg i to €y for two-class and tree-class problem. One can see that
when a — 0 then e o — €y, If @ — 0.5 then ratio of eg 2 to €)r tends to 0.

Example 3

Let us assume that a® and a? are attributes with the highest values of
Gini gain. We want to use the McDiarmid’s bound to determine if the value
of Gini gain for a, is higher then Gini gain for a¥ with (1 — «) level of
confidence. Then, the difference g™ (defined by (26)) should satisfy the
following inequality (see [33])

g > g VY 1\n/(21_7ja)‘ (32)

The above inequality can be transformed to the form
n > 32%. (33)
(g™¥)
Hence, if the number of samples n satisfies inequality (33), the considered
node in the tree is split with respect to the attribute a®. Let us assume that
g™ = 0.224 and the level of confidence 1 — o = 0.95. Then the term on the
right side of inequality (33) equals 1910.544.

Therefore, if the number of data elements n is greater or equal to 1911, the
node is split. To compare the McDiarmid’s bound with the method presented
in this paper we have to know the number of classes K. We will consider
two cases: first with K = 2 and second with K = 3. For K = 2, according
to inequality (29), the required number n of elements in the node must be
greater or equal to 863. In the second case (K = 3) n has to be greater or

equal to 2697. Obtained results are consistent with those presented in Fig.
1.

6. Experimental results

6.1. Synthetic data

In this section the performance of the proposed method is examined and
compared with the McDiarmid Tree [33] and the Gaussian Decision Tree
[32] algorithms. Synthetic data were used, generated on a basis of synthetic
decision trees. These synthetic trees were constructed in the same way as
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described in [5]. At each level of the tree, after the first d,,;, levels, each
node is replaced by a leaf with probability w. To the rest of nodes a split-
ting attribute is randomly assigned; it has to be an attribute which has not
already occurred in the path from the root to the considered node. The
maximum depth of the synthetic tree is d,,, (at this level all nodes are re-
placed by leaves). After the whole tree is constructed, to each leave a class is
randomly assigned. Each synthetic tree represents a different data concept.
Data concept is a particular distribution of attributes values and classes. In
this work twelve synthetic trees were generated (all of them with w = 0.15,
Apmin = 3 and d,,q, = 18) giving twelve different data concepts. Trees were
generated with D = 30 binary attributes and K = 2 classes. Data elements
for each synthetic tree are obtained in the following manner. The value of
each attribute is chosen randomly, with equal probability for each possible
value. Then the data element is sorted into a leaf using the synthetic tree,
according to the values of attributes. The class assigned to this leaf is as-
signed to the considered data element. The accuracy of the decision tree
is calculated every time a new leaf is generated based on new data set of
2000 elements. These testing sets are created the same way as training data
set. In the following simulations, for any set of dSCART parameters («, n),
algorithm was run twelve times, once for each synthetic data concept. The
final result was obtained as the average over all runs.

The first experiment examines the dependence between the accuracy of
the algorithm and the size of the built tree. Data generated by various
synthetic trees produced classification trees having different complexities.
The number of leaves in the least complex tree was equal to 2971, therefore
the accuracy is compared in the interval [0,2971]. The size of dataset was
n = 10%, the value of parameter a was set to 107 and the value of parameter
6 was 0.05. As it was expected the accuracy increases with the growth of the
number of leaves (see Fig. 2). Therefore it is important to determine the
best attribute to make a split using as few data as possible.

In the second experiment we compare the accuracy of the dsCART al-
gorithm, the GDT algorithm and the McDT algorithm. For this simulation
the value of parameter 6 was set to 0.05 and the value of parameter o was
1077, The experiment was performed on different number of training data
elements, from n = 10* to n = 10°. As we can see in Fig. 3, the accuracy
of these algorithms differs very little. We also calculated the corresponding
values of standard deviation, which for clarity are collected in table 1.
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Figure 2: The dependence between the accuracy of the dSCART algorithm and the number
of leaves (black line - mean value obtained for twelve trees, gray line - mean value +
standard deviation (sd)).
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Figure 3: The dependence between the number of training data and the accuracy of the
dsCART, the Gaussian Decision Tree and the McDiarmid Tree algorithms.

Table 1: Standard deviation of accuracy for different number of elements N and various
classifiers.

N 10* 10° 10° 107 108 10°
dsCART | 5,377 | 5,94 | 7,016 | 5,629 | 3,805 | 2,321
GDT | 5,069 | 5,587 | 6,92 | 3,787 | 3,661 | 2,449
McDT | 5,571 | 5,125 | 5,931 | 5,061 | 3,845 | 2,519
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According to these values one can say that the three algorithms (McDT,
GDT and dsCART) demonstrate comparable accuracies. This result comes
from the fact that all three algorithms are based on the same mechanism
of tree construction. Hence the corresponding nodes are split with respect
to the same attribute with probability 1 — a. Therefore, with very high
probability all three algorithms produce the same decision trees on a given
data stream. The difference is only in the rate of splitting the nodes. For
considered algorithms the accuracy is increasing with growing number of

training data elements. For n = 10° the obtained accuracy was greater than
90%.
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Figure 4: The dependence of the accuracies of the dsCART and the McDiarmid Tree
algorithms on the number of elements obtained for 8 various concepts.

The third experiment was performed to compare the accuracy of dsCART
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Figure 5: The dependence between the accuracy of the dsCART algorithm and the level
of noise.

algorithm with McDiarmid Tree algorithm. The value of parameters o and
0 was set to 0.1 and 0 respectively. In Fig. 4 we can see the results obtained
for 8 various concepts. It shows that dsCART algorithm needs fewer data
elements to make a split than McDiarmid Tree algorithm for every concept.
The trees obtained by both algorithms are similar, therefore the final accu-
racy tends to the same value. The main advantage of dsCART is that a split
is made based on fewer data elements what is especially important in some
special cases. Particularly to deal with concept drift we can limit the max-
imal number of data elements considered in the tree (like in CVFDT [17]).
Since the dsCART algorithm creates more complex trees than McDiarmid
Tree algorithm, the former should provide higher accuracy. The most impor-
tant split is generally a split of the root because it ensures the highest gain
of accuracy. As one can see in Fig. 4 the dsCart algorithm always performed
this first split faster than McDiarmid Tree algorithm.

In the next experiment we examined noisy data. The following mechanism
was used to create the noisy data. Every time the data were generated, the
value of each attribute and the class was changed with the probability ¢ to
any possible value with the same probability. The value of ¢ vary from 0%
to 50%. In Figure 5 we can see that with the growth of the value of noise
the accuracy decreases. However, in the investigated range the accuracy
decreases not more than 12%.

Figure 6 shows the difference between the processing time of the GDT
algorithm and the dsCART algorithm according to the size of training dataset
n. As we can see the dsCART algorithm is much faster than the GDT
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Figure 6: The difference of the processing time of the Gauss Decision Tree algorithm and
the dsCART algorithm depending on the size of training dataset n.

algorithm. For n = 10* the difference was equal to 0.16s and for n = 10 it
increased up to 6563s.

6.2. Real data

The performance of the dsCART algorithm was also examined on real
data. We decided to choose a dataset from the UCI repository [9]. Although
there is a variety of different datasets available in the repository, only several
of them can imitate a data stream for our purposes. The most suitable seems
to be the 'KDD CUP 99’ dataset, consisting of 4898431 data elements. Data
are described by 41 attributes, 7 of which are nominal and 34 are numerical.
To adapt the node splitting procedure to the numerical attributes we applied
the standard method of dividing the range of the attribute into bins. In the
experiment we set the number of bins to 20 for all numerical attributes.
Each data element belongs to one of the five classes. Classes represent four
types of network attacks ('dos’, "u2r’, r21” and ’probe’) and the fifth class is
reserved for 'mormal’ network connections (without attack). We performed
two simulations: first for the original five-class problem, and the second for
the two-class problem, in which all four types of network attacks are merged
into one class labeled as ’attack’. The whole dataset was divided randomly
into two parts: the training set, consisting of 4896431 elements, and the
testing set, consisting of 2000 elements. The parameter o was set to 0.00001
and the tie breaking mechanism was turned off (f = 0). Obtained results are
presented in Fig. 7.

As we can see we had to deal with very specific data. The fractions of
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Figure 7: The fraction of the most frequent class and the obtained accuracy of the classifier,
for two-class problem (K = 2) and five-class problem (K = 5).

the most frequent class were equal to 0.801 for K = 2 and 0.799 for K = 5.
It shows that the dataset is strongly unbalanced. However, the obtained
accuracies (99.1% for K = 2 and 98.6% for K = 5) seem to be satisfactory.

7. Conclusions

In this paper we discussed the problem of creating a decision tree for
data stream classification. We propose a new method of deciding, if the best
attribute to split the considered node obtained according to a finite data
sample is also the best attribute for the whole data stream. We propose
a modification of the CART algorithm called the dsCART algorithm. To
show the mathematical foundations of this algorithm we use the properties
of the normal distribution and the Taylor’s Theorem. In the experimental
results we show that this new algorithm is accurate and fast at the same
time. Therefore we proved that it is proper tool for solving the problem of
data stream classification.
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Appendix A.

In order to simplify a description, the following notations are introduced:

g = g(ﬂiLa :uilLa e ’MéK—l)L’ ,uZiRa e aMéK—l)R)v (A1)
2
N2 ag i\ 2

T’L — < O’Z , A2
)= (5) (@) (A2
(ri,) = 0\’ (o), jef{l,...., K — 1}, (A.3)

j op;1 i

; dg 0Jg , .

7—jkL 8]?]1: apkLCOUjkL7 j?k S {177K_ ]-}7 k #]7 (A4>
(rin)? = (2 2 (0'p)”, je{l,....K -1}, (A.5)

J ap]R J
Thr= ang Scovlyp, Jik € {1, K =1}, k# . (A.6)
where covly; = —pipi, is the covariance of (i7" and (7", and covl,, =

—plpDig is the covariance of (1" and (.5’
To prove the Theorem 1 we will introduce and prove the following lemma

Lemma 1.
If function g(pr,piv, - -, P(k-1)L, P1R, - - -, D(k—1)R) 15 given by formula (19),
then the value g(p%,pi;,... ,péKfl)L,pﬁR, . ,péKfl)R) can be approrimated

by the normal distribution

g<pivaZiL7"'7péK—1)L7piR7"'7pK nr) —XAT)
: K—l i 2 K-1 K-1 Z’ K-1 i \2 K-1 K-1 i
‘ (Ti)2 TZL kL (Tir) TikR
i J J J j
N T (D s o).
j=1 =1 k=Lhty j=1 R j=1 k=1k#j F
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Proof. Parameters p%, pi, and p,p are estimated from the data sample in
considered leaf node as

el DT e
pp = ==t (A.8)
nZL ,m
pﬁgL:M,ke{L...,K—u (A.9)
nr,
nﬁ 2,m
p?;;z:%,ke{l,-..,f(—l} (A.10)

R

For big values of n, n} and n% distributions of p_iL, pi;, and pip, according
to the Central Limit Theorem, can be approximated by appropriate normal

distributions
_ A (Ui )2
(ohp)
Py — N MkL,n—~ ,ked{l,...,K—1}, (A.12)
L
(0ip)°
Pir — N { Hir: | ke dl. —1}. (A.13)
R

For big values of n, n} and n’; one can assume that the values of p} , p},

and p! . are very close to their expected values %, pt, and pi,. Therefore
one can apply the Taylor s Theorem for Gini gain in nelghborhood of point

(vaplLa s 7p(K71)L7p1Ra s 7p(K 1)R) (ILLL7/"L1L7 s nu(K l)LnulR? s nulR)?
which is given by formula (A.14).

~

I i i i
g(vaplLv s Pk Pigs - - - 7p(K—1)R) ~
9L, g - - yHk—1yL> F1R> - - - ’M(K—l)R)
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opL (sz o MzL)
o s yeeny , yeery —_— .
+ ZK 1 Q(NL NlL M(Ka;ji 'U’lR M(K 1) )(p;L . /L;L)
8 s Jeens s eeny T .
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Therefore, according to (A.11) - (A.14), the distribution of the random vari-

able g(pt,pt,,. .. ,péK_l)L,pﬁR, . ,péK_l)R) can be approximated by (A.7).
This completes the proof. O

Observing that nt = npz and n% = n(l — pz), the variance of normal
distribution (A.7) can be further simplified as follows

(%erZf: <n) + i L ii“r
E; 1 (fl) Z Zk 1k;é]T;R =

2
1
i\ 2 K—1 (TjL) K—1—K-1 T'kL K—1 (T‘R) K—
Q J J 1 ij
(78) +55 A+ TS Sy TS A Ty
57 Pr 1-rp 1-pp

3

n

_ ) (A.15)

n

Distribution (A.7) is then given by

R 7 7 7 i (Ti)2
g<pL7p1L7"'Jp(K_l)LuleJ'”7p(K_1)R> — N <97 . (A16>

Now we will introduce the proof of the Theorem 1.

Proof. The Eﬁ“ﬁnce of values g_iz g%, pi;, ... ,pr_l)L,]TR, - Pl _1)R)
and ¢¥ = g(p¥,pi;, ... ,p?(’K_l)L,p?{R, . ,p?K_l)R) has the normal distribution
2 2
P )4 (1Y
N (,f_gy,M), (A17)
n

We do not know the true value of the mean ¢* — ¢¥. Properties of the
normal distribution [19] ensure that the following inequality is satisfied with
probability 1 — «

9" =97 <€yt (" —g"), (A.18)
where
() + ()

z,Y —
€1—a) = ~(1-a) NG

(A.19)
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Obviously, inequality (A.18) is equivalent to the following one

9" = 9" > (6" — ) — €1’ . (A.20)
It means that the attribute a” is the better than a¥ according to the whole
stream, i.e.
9" — g >0, (A.21)
with probability 1 — «, only if the following inequality is satisfied

G <T T (A.22)

Moreover, if we would show, that the eg i given by (24) is the upper bound
of efl’y_a), ie.

ec(cl,y_a) < €q.K (A23)

then the following condition is enough to satisfy inequality (A.21) with prob-
ability 1 — «

9% —g¥ > €q k- (A.24)

Then one can say that if inequality (A.24) is true, then g* > ¢g¥ with proba-
bility 1 — a. Now inequality (A.23) will be proved.
Partial derivatives of Gini index (18) are given by

aGim'(Pl,...,PK_l) —
.  ap o (1 -Xon) —um-p). (A

1=

Observing that 88;1 = pr, and ;;f; = (1 —pr), we have
g _ aGW(pé;"’pKfl)% . L@Gan(Plg};'L,P(K—l)L) (A26>
Ipir ‘ ’ '

=2p1(px — pi — PrL + i) < 4pr

and
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ag 0Gini(p1,....px—1) Op; 0Gini(p1R,--P(K—1)R)
Opir - 51%‘ = 3153 — (1 =pz) opir (A.27)

=2(1 —pr)(px — pi —Prr +Pir) < 4(1—pL),

Those inequalities are satisfied for every attribute. Therefore, for any
chosen attribute a’, we obtain the following bounds:

2
. dg 7 7
(771)° (WL) Pl = Pir) 1 '
: — J . S 16pl - = 4pl s A28
P, P "4 ! )
2
. dg 7
o _ () Poell =2 ¥ |
R A : <16(1—py)- =41 —-pL), (A29
i = (1-ph)g=40-p),  (A29)
dg _0g i i
( JkL>2 é)p iz 9Pk, 1 J
P Py "4 ' A
; 99 9y
(Tij)2 _ 9p;r OPLR < 16(1 — pi )1 = 4(1 — p" ) (A.31)
P ) 4 o

Sob = pé L= p§ &, the derivative of g with respect to p' is given

L OGini Op' o ; o :
Z z] Gini(pip, - . - ap(K—l)L) + Gini(pig, - - - 7p(K—1)R)
apj dp Pr

K-

= Z pK p]>(P]L P;R) sz(Pum e Pé ) + Gim’(piR, e apéK—l)R)

]:

<2(K-1) - Gml(pup» e 7p(K L L)+ sz(pma e 7P(K DR R)- (A.32)

Since the Gini index takes values in the interval [0; 1), the following bound
is true
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0= () - <@ =D+ <K% (A

Finally, according to bounds (A.28) - (A.31) and (A.33), the following
bound for (7%)? (defined in (A.15)) is satisfied

(") < K* 4+ (K — L)dpL + (K — 1)(K — 2)4dpp + (K — 1)4(1 — py)
+(K —1)(K —2)4(1 — py)
— K2 4 4(K — 1)+ 4(K — 1)(K —2) = 5K2 — 8K + 4 = Q(K)(A.34)
The inequality (A.34) holds for any attribute a’, in particular for a’ = a®

and a’ = a¥. Therefore, back to formula (A.19), the pessimistic value of ]*
can be expressed in the form

Y, = zl_a%. (A.35)

Therefore, in general case €Y, < eq k. O
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